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N. S. HEAPS AND A. E. RAMSBOTTOM

This paper presents a theoretical study of water movement in a long narrow lake subject to wind
action during the summer season of thermal stratification. A model basin of uniform depth and
width, consisting of two homogeneous layers of slightly different density, is considered. The
motion of the water is assumed to be two dimensional in the vertical longitudinal section; geo-
strophic effects are ignored. The top and bottom layers in the model respectively represent the
relatively warm surface water and the colder bottom water in the natural lake.

Hydrodynamical equations are formulated in terms of the currents in the upper and lower
layers, the elevation of the interface between the layers, and the elevation of the water surface.
Solutions are sought to determine the dynamic response of the basin to an instantaneous rise in
the wind stress applied tangentially over the surface. Three cases are considered corresponding to
different frictional conditions at the bottom of the basin: (i) bottom friction zero, (ii) bottom
friction proportional to the depth mean of the horizontal current in the lower layer, (iii) bottom
current zero. It is assumed that internal friction is zero at the interface between the layers (this
interface corresponds to the thermocline boundary in reality).

Results obtained show that in the motion of the water there are ordinary and internal seiches
characteristic of the two-layered model, together with a wind-driven circulation in the top layer.
The theory is applied to determine vertical oscillations of the thermocline in an actual lake
(Windermere) at one station, in response to a succession of wind pulses representing actual
wind conditions over the lake. The oscillations thus obtained from theory compare satisfactorily
with those derived from temperature observations taken in the lake. Depth-mean currents in
the lake are deduced from theory, but there are no current measurements against which these values
may be tested.

The paper is divided into three parts. Part I deals with the development of the theory. Part IT
gives an account of actual physical conditions in Windermere, describing the analysis of temperature
observations taken in the lake (yielding thermocline movements) and the analysis of wind records
(yielding corresponding values of wind stress over the water surface). Part III is concerned with
the numerical application of the theory to Windermere (under conditions described in part II),
and gives general conclusions resulting from the entire work.
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PART 1. THEORETICAL ANALYSIS
By N. S. Heaps

1. INTRODUCTION

Probably the most striking feature of movement in a narrow stratified lake in its response
to the wind is the oscillatory motion of the isotherms at the level of the thermocline (Mor-
timer 1953). On the basis of asimple two-layered theoretical model of the lake, the oscillations
may be explained in terms of internal standing waves, or seiches (Proudman 1953, pp. 336—
341). Previous work has been mainly concerned with the determination of the seiche
periods and modes, and with motion consisting of these modes when atmospheric dis-
turbances are absent (Mortimer 1952). In the present paper the dynamic response of a
two-layered lake to wind stress is investigated theoretically; Proudman & Doodson (1924)
have already given a theoretical account of meteorological effects in a sea of uniform density.
The amplitudes of the ordinary and internal seiches set up in the lake are related to- the
wind stress, and the characteristics of wind-driven circulations in the surface layer are
examined. The theory is used to deduce the fluctuations in level of the thermocline in
Windermere in response to a series of wind-stress pulses; the results thus obtained compare
satisfactorily with fluctuations observed in nature corresponding to approximately the same
wind-stress variation.

The following assumptions are made in the analysis:

(i) The lake, in equilibrium, consists of two horizontal layers of water, each homo-
geneous, with different densities. The equilibrium depths of the layers do not vary with time.

(ii) The lake is long and narrow. Its longitudinal section is rectangular and the depth
is small in comparison with the length.

(iii) There is no motion of the water in a transverse direction: the motion is two-dimen-
sional in a longitudinal section of the lake.

(iv) Velocity components and vertical displacements are small enough for terms in-
volving their squares and products to be ignored.

(v) Vertical acceleration is negligible.

(vi) Geostrophic effects may be ignored.

(vii) Of the components of internal stress at any point in the water, only the shear
stress acting over a horizontal plane in the longitudinal direction is of importance in the
equations of motion.

(viii) Eddy viscosity is constant and uniform within each layer, but, in general, differs
as between layers.

(ix) Internal friction at the interface between the layers is zero.

(x) External friction is applied to the water at the bottom of the lake; friction at the
sides of the lake is ignored.

(xi) Wind stress over the water surface varies with the square of the wind speed and
with a drag coefficient that increases linearly with the wind speed for speeds between 5 and
20m/s (Francis 1959).

48-2
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394 N. S. HEAPS AND A. E. RAMSBOTTOM

(xii) Atmospheric pressure over the water surface is constant and uniform.

(xiii) The water is incompressible.

In the thermocline region of a stratified lake the high vertical density gradient tends to
suppress vertical turbulence and the associated internal friction (Mortimer 1953, p. 99).
Assumption (ix) represents this condition in the two-layered model. The assumption has
been widely used in oceanography (see for example, Defant 1961, p. 405; Proudman 1953,
p. 102). Present knowledge concerning turbulence at the various levels in a stratified
lake subject to wind stress is, however, imperfect (Mortimer 1961): future advances in this
field may therefore lead, in due course, to a modification of (ix).

2. EQUATIONS FOR A TWO-LAYERED LAKE

The lakeis of length / and rectangular axes Ox, Oz are taken within a vertical longitudinal
section (figure 1). The origin O is a point at one end of the lake in the undisturbed water
surface: O, horizontal and directed along the length, lies within this surface; Oz acts
vertically downwards.

[
z=hy _\F+\-

[

Wy

z=hythy
=0 =l

Ficure 1. A longitudinal section of the two-layered lake with the water in motion, showing
velocity components and elevations of the upper surface and the surface of discontinuity.

Under the assumptions listed in §1 the hydrodynamical equations governing the motion
of water of uniform constant density p in the lake (Proudman 1953, pp. 88, 96) reduce to

ou  ow
wtez =Y W
w13, OF,
%ﬁ"ﬂa k% (2)
13p
0=—“I;jz+ga (3)

where u, w, are, respectively, the components of current in the directions of ¥, z increasing;
p is the pressure at a point in the water; F,, the frictional stress, in the x direction, exerted
by the water above a depth z on the water below that depth; g the acceleration due to the
Earth’s gravity; and ¢ the time.
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WIND EFFECTS IN A LAKE 395

When the water is at rest a homogeneous layer of density p, lies to a depth %, over another
homogeneous layer of density p, and depth #,, the total depth of the lake being % (= A, +4,).
When there is motion the elevation of the upper surface is {;, and that of the surface of
discontinuity {, (figure 1). If we take

u=u, wW=w, p=4p, F,=1F, intheupperlayer (—{ <z<h—{),
U=1uy W=1uwy, p=4p, F,=1F, inthelowerlayer (4 —{, <z<h),
it follows from (1), (2) and (3) that, for the upper layer,
quy | w

3x1+—?1 =0 (4)
du, 1 /op,  OF,
’a?“‘ﬁ}(‘a; =) (5)
d
'5% = P8 (6)
duy | Ow,
and for the lower layer, i 0, (7)
duy 1 (dp, 3F2>
%=l E) (8)
d
’3%2 = P24 (9)

If p, denotes atmospheric pressure, assumed constant and uniform, the condition on the
pressure at the surface of the water is

pr=p, when z=-(,.
For pressure to be continuous at the surface of discontinuity,
pr=p, when z=h—(,.
Integrating (6) and (9), satisfying these conditions, gives

1= patgpi (6 +2), } (10)
Po = patgp1 (& + R —8) +8po(Lot+2—1y).
Substituting (10) into (5) and (8) we get

ouy 9 1 JF,

% 8 (11)
duy 3G p1\ 9, 1 OF,
Tt"*gmrg(l—@)a“;;‘éz (12)

It is assumed that {;, {, (functions of x and #) are small enough for u, w, F,, at the upper
surface z = —{; to be evaluated on z = 0, and for u, w, F,, at the surface of discontinuity

z = h;—{, to be evaluated on z = £, throughout the motion. This means that in the mathe-
matical analysis «;, w;, F; are defined for 0 <z <#;, and u,, w,, F, for h, <z <4,
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396 N. S. HEAPS AND A. E. RAMSBOTTOM

throughout the motion. Then, integrating (4) and (11) with respect to z between z = 0
and z = £, and (7) and (12) with respect to z between z = £, and z = £, noting that

wy(z = 0) = —a(,/ax,

wy(z = hy) = wy(z = hy) — — 3y, (13)
wy(z =h) =0,
we have = f’“ dz +3§; %%2:0, (14)
%fg‘uldz — —gh, 93§1+p (Fy—F,), (15)
s fm wdz+ 52—, (16)

where

Fy=F, (z=0) = component of wind stress over the surface of the lake in the direction
Ox,

F,, = F, (z = h;) = internal friction at the surface of discontinuity,

Fy=F,(z="h) = bottom friction.

The depth-mean values of «;, u, are

! f "ud L f " upd (18)
Uy =7 | wdz, u,, =5 | uydz,
)yt by )y
and therefore, (14) to (17) may be written
Qg 9y Gy
/zl—g;—+~97—?t~ 0, (19)
M % L
o _g7x+,01k1 (Fg—Fp), (20)
au2m 3@2 —
hy =gEn 452 == 0, (21)
Wy 1 9, ) 9 1 o
~—§t~~~g;é—§;—g(l 5‘x+p2h (Fp—Fp). (22)

When there is no wind stress and no internal friction, then Fg = F;) = F;; = 0 and (19) to
(22) reduce to the equations governing surface and internal seiches given by Proudman
(1953, p. 388). In this latter case, u; and u, are independent of depth z so that u; = u,,,,
Uy = Uy, From (11), (12), (14) and (16), writing

du du
Fy = —pyNy 2

Fy=—p N 2 7

la—zla (23)
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where N,, N, are coeflicients of eddy viscosity (assumed constant and uniform) in the upper

and lower layers respectively, we get

ouy a¢, %u,
T “g”gg—FNlW,

_3u_2 _ P19, Pl) ¢, *uy
r “‘g;);?rg(l RO =1t
9 (M 9 9y
axfo ule—I—-a?—‘W == 0,

9y _
pE f 2zt

oz 5,
z F
u=0 dz [:]
pom—
F-F,=0 (OF/oz
z=h
K
u,=0 dz D
F;+(0F,/0z)dz
z=h;th, u=0
xz=0 T x=l
B

Ficure 2. A longitudinal section of the two-layered lake showing horizontal shear

stress and boundary conditions.

(24)

(25)

(26)

(27)

To determine the motion in the lake, (24) to (27) have to be solved for uy,u,, ¢, y;

boundary conditions may be taken as follows (figure 2):

Uy =u,=0 at x=0, x=1I[
—p1 Ny 0u,/0z =F,, at z=0,
F,=F,=0, ie.

u, =0 at z=Hh.

Ou\[0z = du,/dz =0, at z=h,,

(28)
(29)
(30)
(

31)

Condition (30) states that internal friction at the surface of discontinuity is zero, i.e. the
water of the top layer may slide freely over the water of the bottom layer at this level.
Condition (31), postulating zero bottom current, has been used by Proudman & Doodson
(1924); it is employed for mathematical convenience instead of the more satisfactory

frictional condition
— PNy Gup| 0z = Kpyuoluy| at z =4,
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398 N. S. HEAPS AND A. E. RAMSBOTTOM

where K is a constant taken to be 0-002 by Jeffreys (1923), and 0-0025 by Proudman
(1953, p. 136). On the assumption that the bottom friction is zero, (31) may be replaced by

uy/0z =0 at z=h. (32)

An approximate form for the bottom friction, suitable for use in the solution of equations
19) to (22), is given b

19) to [22), 15 given by Fylpahy = 2kt (33

where £ is some constant.

3. SUMMARY OF PROCEDURE

In the mathematics that follows, solutions of the hydrodynamical equations formulated
in §2 are sought, to determine the motion produced in the two-layered lake by an instan-
taneous rise in the wind stress I from zero to a stationary distribution expressed as a Fourier
series in x. Three cases are considered corresponding to different frictional conditions at the
bottom of the lake; the internal friction at the surface of discontinuity between the layers is
assumed to be zero.

First, in §4, equations (24) to (27) are solved with zero bottom friction; the boundary
conditions employed are given by (28), (29), (30) and (32). Expressions are obtained
for the elevations {,, {, and the horizontal currents u,, u, which indicate the main features of
the motion in the lake.

Secondly, in § 5, bottom friction is taken into account. To simplify the work, equations (19)
to (22) are solved with Fy, = 0 and Fj given by (33). These equations do not involve the
z coordinate and in their solution approximate expressions are obtained for the elevations
¢, €, and the depth-mean currents u,,,, 4,,,.

Thirdly, in §6, equations (24) to (27) are again solved, this time assuming that the
bottom current is zero. The boundary conditions are given by (28) to (31). Thus, the ele-
vations {;, {, and the currents at any depth ,, u, may be determined, subject to the influence
of bottom friction. Although this solution may be regarded as the most general obtained
in the three cases considered, the mathematical analysis is complicated. The results are
interpreted in the light of the knowledge gained from the simpler analyses of §§4 and 5.

The response of the lake to an instantaneous rise in the wind stress /g having been deter-
mined, its response when F varies continuously with time may be deduced by integration,
as outlined in §7.

In part III, the theories developed in §§5 and 6 are applied to Windermere during a
period of summer stratification. The thermocline in the lake corresponds to the density
discontinuity in the two-layered theoretical model: fluctuations in the level of the thermo-
cline are, therefore, represented theoretically by the variation of {,.

4. SOLUTION OF THE EQUATIONS WITH ZERO BOTTOM FRICTION

(a) A sine-wave distribution of wind stress

The response of the two-layered lake described in §2 to a sudden increase in the wind
stress Fg at time ¢ = 0 is now determined. We take

Fy = H(t) A,sin (nmx[l), (34)
where H(t) is Heavyside’s unit function (Carslaw & Jaeger 1947, p. 7), # a positive integer,
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WIND EFFECTS IN A LAKE 399

and 4, a constant. According to (34), the wind stress Fy rises instantaneously at ¢=: 0
from zero to 4, sinnmx/l (0 < x <) and subsequently remains constant. A solution of (24)
to (27) is sought of the form

&, = Z,(1) cos (amx),

Co = Z(2) cos ((nmz/l),

35
u, = Uy(z,¢) sin (nmx/l), (85)
uy = U,(z,¢) sin (nmx/l).
The boundary condition (28) is then satisfied, and (35) in (24) to (27) gives
U, nm, 20,
S W
oU, _nmgp, Zl_l_mrg (l pl) Z,+ 1, 02 Uz,
a1 p, [ 922 (36)
>
nm dZ, dZ,
f Udet"gp —@ =%
nm dz, _
), U dzt=; = O )
If initially the water in the lake lies at rest under no wind forces, so that
U=U,=2,=2,=0 when ¢=0,
taking Laplace transforms in (36) (Churchill 1958, p. 8) yields
= g~ d2U
Uy =2t M=t (37)
- N dazU.
Uy =" 07,1 zg( ”1) Zo+ Ny, (38)
nm f U,dz+5Z,—sZ, = 0, (39)
% " U,dztsZ, — o, (40)
hy
where the Laplace transform of a function Q(z, t) is defined by
Q) = [ @z de
0
Solutions of (87) and (88) are:
U, = B, cosha,z+C,sinh a1z+3’%’zl,
(41)
U, = B,cosha,z+C, smhac2z+nl7rg p‘ZIJrn——ZTig(l —Bl) Z,,
P2 d P2
where B,, C}, B,, C, are arbitrary constants, and
= (s/N)Y @y = (s/Ny)t. (42)

49 Vor. 259 A,
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400 N. S. HEAPS AND A. E. RAMSBOTTOM

It is assumed that the bottom friction is zero, also the internal friction at the surface of
discontinuity between the layers of the lake; the boundary conditions given by (29),
(30) and (32) are, therefore, applicable. Taking Laplace transforms in (29), (30) and (32),
using (34) and (35), we get

PlNldd—Zl 4 at z=0

dU, dU,

dz —EZ‘- 0 at z= ]Zl, r (4:3)
dU, B
—EZ =0 at z=nh

Then, substituting U,, U, given by (41) into (39), (40) and (43), gives
222
(’L%ghl+s2) Z,—*Z, ”’”[ B, sinhayh, 4 C,(1 —coshay )], (44)

i ghy p1 w2’ ghy 1! 2|7
2 p, 1+[ 2 (15}5;)“]22

= % [B, (sinh ayh; —sinh ay k) + Cy (cosh ay k) —coshay /)], (45)
2

—p1 Ny, Cy = 4,5, (46)
Bysinha,f;+C| cosh oy i, = 0, (47)
B,sinh ayh, +Cycoshayhy = 0, (48)
B,sinh ay,h+C,cosha,h = 0. (49)
It follows immediately from (46) to (49) that
A4, cosha,h, _ 4, A
L spyNyeysinhayhy” 71 p Nyay B0
Then, from (44), (45) and (41),
__nnd, [n*n*gh, AN
Z == [ (1) v [, W
n3 w3 ghy A
Z,= ( ﬂlag 2 n)/s(p(s),
(50)
7 n*migd, rn*n’gh, ,01) o1/ 4, coshia, (h,—2)} ?
U= %0, [ [2 (1 +s ]/s D)+, spy Nyaysinha, by °
— 2
g,— — (n m2gA, )/(I)(s)
Here, D(s) =s +n u g(lz +h) 2+n4114l42/z 0 (1 Z‘)
2
2.2 2.2 42
= (52+n 7172131) (Sz—l—n 7;2132)’ (51)
Vi
where = Ll ot () (1), (52)
2
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WIND EFFECTS IN A LAKE 401
Clearly, from (52),
Pt =g +hy) fi 482 ho(1—pyfpy) = 0 (i = 1,2). (53)

Relations (51) and (53) enable us to express the transforms Z,, Z,, U,, U,, given by (50),
as follows:

- 4, 1 0 s B
Zy = _(mr,olhl g) stmr,o1 lg ﬁ2 )[ —8hs) s2+n2712ﬂ2/12 — (f3—ghs) §2+n2w2ﬁ’§/12]’
7 w( 4, )l-i- hyglAd, s :l

2 nm(py—py) b gl s nmpy (B3 —F5) ﬁl 52"‘”2"2/5)2/[2 /5)2 s24-nn?f3 12 1’

T - (ﬁ) 1 A4,coshi{o(h—2z)}
o\l spy Nya, sinha,

4, 1 napy/l 1 naf,/l
+72—7T/J"—1 hl(“ﬁ%_ £2) [ﬁl (Fi—ghs) SrmnBE " (B3 —ghs) 2 nn ﬁ%/ﬁ]’

7 g4, Tl U T ] (54)
> nmpy (B —F3) [ﬂl U N T PR R G T
from which, using tables of Laplace transforms and the inversion theorem for the Laplace
transformation (Churchill 1958, pp. 17, 176) we deduce

%= o nnpz?/gféA 7 [ﬂz %N*EL%C‘”M?M}

Uy = =2 Lo [ 5 (Bighy) sin ™M 2 (g ghy) sin ™21,

R = L Al )
where S 1‘;1:' ¥ | :i: ;2;7;;})1%1’1{1}1 7 {/((AA//JJVV )}i dA (y>0). (56)

To evaluate this integral consider it taken round the closed contour formed by the line
A=y+ig(—J(R?—y%) <5 < . J(R*—%%),R >y) and the arc of the circle || = R lying to
the left of the line. The integrand is a single-valued function of A with poles at A = 0,
—7?m2 Nk} (r = 1,2,8...). We take R = (r+4%)2n2N,/A? so that the contour does not pass
through any pole. Asr —>co the integral over the circular arc tends to zero and therefore the
integral round the contour tends to [; in the limit, all the poles of the integrand lie within
the contour. It follows, from Cauchy’s theorem, that I equals 271 times the sum of the
residues of the integrand at its poles: the contribution to / from the double pole at A = 01is

4, 4, s 79
Plh +6p1Nlh {3( ) -/Z1},
and from the simple pole at A = —r272N,/h} is
2h, A r2m? Nyt rm
__1\r+1 1“*n - 1 - .
(—1)r+ p~—-1NlﬂQr2exp( _—_/z% ) os{hl (hy z)}

49-2
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402 N. S. HEAPS AND A. E. RAMSBOTTOM
Hence
At 4, o 24, 2 (=1 f",zlv_l?) {Z’l }
= o TN, {8(h;—2) _h1}+p an Zl 2 €Xp (— 7 cos s (hy—2)}.
(67)
Then, (57) in (55) gives
4, o 24, 2 (—1)+1 (WTZWQNIL‘) {Q B }
Ul — 6,01N1/l1 {3(121 ) h }+ 772 E 7’2 exp fl% COos }ll (hl Z)

n 1 mT/S’ 1,, . nmfyt
+——nﬂp1hl</;%—__—ﬁ%)[—,i —ghy) sin "1 E<ﬁz~gh2>sln~~,~]. (58)

From (35), (55) and (58) we have

— lAn lAn 9 nir /)’1 t ,6)2 -
= [ =gyt g g (V=) cos ™ = (gl cos™¥] | os "%,

- A, h,gl4, 1 mr/ﬁ’ nmfyt 1 nmfyt nmx
b= arnaying Fme e T e e T

= (An sin ﬁgﬁ/ﬁplNlhl) {8(h,—2)>—hi}

, (__1)r+1 _7’27T2N1t ;7-—71 B
+(2le sin l/,olN )Z X p( R )cos . (hy z)}

r=1

mr,b’1 - . nﬂ,b’zt:l . nmX
i [ (i) sin ™t — - (13— sin ™ | s 27,

uzg

g4, : mr,b’l 1 g nﬁ/)’2 nmx
wpy (Bi—fF}) [/5’1 I g sin R | sin . (59)

[
These expressions give {;, {,, u;, 4, in the motion of the lake produced by the wind stress

Fy = H(t) A,sin (nax[l). (34)

(b) General distribution of wind stress

We now consider the more general case when
Fy— H(t) A(x), | (60)

where A(x) is any function of ¥ (0 < x < /) which may be expressed as a Fourier series:

!
Alx) — z 4,500 (4 n:%foA(x)sinﬁ%xdx). (61)
Substituting (61) in (60) yiclds
Fg = ZIH(t)A Smn—T-c (62)

Letting n = 1,2, 3, ... in (59) we get ({;, {,, 4y, 4,) corresponding to each term of the series
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WIND EFFECTS IN A LAKE 403

(62). Superimposing these solutions it follows that in the response of the lake to the wind
stress (60),

A, 4,

b= 3 [~ oot oot (88 —ghe) cos ™A — (43— ghy) cos 42!} | cos 7,
A, hogld, 1 nmpyt l mrﬁ 2 nmx
= 2 wn(p—pr)ing " nnpy(Bi— ﬂz){l TR }]C I
U = 6,;? Nk, {3(h, zﬁh%}ﬁ—i}lﬁgé (_:z)rﬂexp(—rzﬂhiv‘t) cos{g:— (hl—z)}
[ nmfy ¢ nmfyt mrx
+W > %o 5 (B1—ghy) sin ™" ﬁwz ghe)sin "2 | sin
gt ; nﬂﬁl _}_ . ﬂﬁzt
2 05(B3—F3) n—— [ﬁl l (63)

The expressions for {;, {, thus obtained may also be derived by solving the equations (19)
to (22) taking F, = Fy = 0. To find w,, w, we integrate (4) and (7) and obtain

" Ju, ou
- dz— f Sz,
Y h 0% B O

(64)

Then, substituting for %,, u, from (63) gives

2hid’(x) S
IOIN m rgl rs

—1 r+1 2 th Ly
wy = 6,01](\;6)}5 (il Z){(hl——z)Z_h%}—l— ) exp(-—%%_l.)smiz_l’(kl_z)

_ gy 3 1. onnfit 1. nn,b’zt] nmx
+ (o z)rg Anl:ﬁlsm ] ﬂzsm ] cosl

(fy — mr/S’1 1,
ot 2 A i sin ™ 5 (g sin ™2 cos T,
,wz_pz((;l Z) °° [/5’1 : nﬂ,fl I_;_Zsinnﬂf’zt] cos%’—c, )
where 4’(x) = d4(x)/dx. Also, from (23) and (63),
_ hy— x) 2 (=1) P2m N8\ . o
Iy = ( hy ) (¥ )+ rgl p(— 7 )smh_l(;lr_z),} (60
Fy,=0.

We shall now examine the motion in the lake described by (63) and (65). Terms in-

volving . .
sm} naf;t sm} nmx
cosf] I cos) !

indicate the presence of an undamped seiche of period 2//nf; and wavelength 2//z; there are
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404 N. S. HEAPS AND A. E. RAMSBOTTOM

an infinite number of different seiches corresponding to ¢ =1,2; 2 =1,2,3,...,00. In a
seiche with period 2//nf,,

_ A, (B —ghy) mpyt )
gl“”77,01 hyg(B3—Pp3) CosSTp e ’

hogl4, nﬂ,b’ b nmx
= B =7 T T

67
uy = L, (Fi—ghy) innﬂﬂltsin@ o
b onmpy by By (BT —43) ! L
- gla, . nmfyt . nmx
T (BB T
and in a seiche with period 2//nf,,
_ A (B —ghy) nmByt  mmx
- - npy 1§(ﬂ1 ﬂ%) [T
hogld, mr,b’2 nmx
= cos —-,
ST R B o
. A, (f%—gh,) sin nmfyt i T
' nmpy 1:52@) —f3) ! [
g4, L mfyt nmx
A ) R
Now, since 1 —p,/p, is very small in comparison with unity, from (52),
hyh,
Bi~alrh), B~ (101, (69)
To this order of approximation, it follows that in the mode of oscillation (67),
2l
gl 1) o
€2 h2 f‘g 1
& hthy w7
and in the mode of oscillation (68),
21 1, 1\ 1
-2 ey,
n\py—py \by Ryl g (71)
sz_ P2 (1+}ﬂ) @:_}ﬂ
& P2—Py hy)? uy hy’

where T denotes the period. The relations (70), (71) indicate that the forms for {j, (o, uy, u,
given by (67) are those for a surface seiche, and the forms for {, {,, u;, u, given by (68) are
those for an internal seiche (Proudman 1953, p. 340). Hence, in the motion of the lake there
are surface and internal seiches: to each positive integer z there is a surface seiche of period
2/nf, and wavelength 2//n, and an internal seiche of period 2I/nf, also of wavelength 2//n.
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WIND EFFECTS IN A LAKE 405

As shown by (67) and (68) the amplitudes in the various modes of oscillation depend upon
the values of 4, which, in turn, depend (according to (61)) on the wind-stress distribution
A(x). In particular, if this distribution is symmetrical about x = 4/, then 4, = Oforz = 2, 4,

A=)

distribution of
wind stress, F

ox x=1

[4 water surface

=

interface (z=hy)

streamlines

a

A(x) L

distribution of
wind stress, F

streamlines

interface (z=h,)

(b)
Ficure 3. Wind-driven circulations in the surface layer:
(a) a single circulation, and (4) two interior circulations.

6, etc., i.e. only the seiches corresponding to z = 1, 3, 5, etc., are excited ; if the distribution
is antisymmetrical about x = 4/ then 4, = 0 for n =1, 3, 5, etc., and only seiches corre-
sponding to n = 2, 4, 6, etc., are present.
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406 N. S. HEAPS AND A. E. RAMSBOTTOM

From (63) it follows that the displacements {;, {, oscillate about steady-state values:

a,  Ax)
_ A grmx (9 Alx) ,
b 77,01h1g nzl A (395 P1h1g) (72)
[ 21 nmx (G A(x)
e S T4 cosTE (Y AR )
= Tl g 2 0O (9x (p2—p) hlg)

As t—>00, the exponential terms in the expressions for u,, w, ((63), (65)) tend to zero and
a steady-state motion is attained in the top layer (in addition to the oscillatory motion)
in which
A(x
0 = ooy Bl =27~
A'()
w, = ——5 (h—z
1 6,01N1 k] ( 1 ) {(

Along the streamlines of this motion,

dz _wy _(hy—2){(hy—2)*—K}A'(x)

(73)
hy—2)2— 2},

TR B —2)— R A(¥)
-2 -1 0 i 1 9
T T -
uA}]’ “72)
[ A1
z=hy

Ficure 4. Variation with depth of the velocity components %, w,, and the horizontal shear stress
F,, for steady circulatory motion in the top layer:

u, = b A(x)[6p, N}, w, = ZI(\)xh%A,(x)/ﬁlolNn F, = F A(x).

Integration yields the equation of a streamline in the form
(hy—2z) {(hy—2z)*—h}} A(x) = constant. (74)

The steady motion given by (73) and (74) consists of at least one large-scale circulation in
the top layer: streamlines corresponding to two different distributions, 4(x), of the wind
stress F, are given in figure 8. Stagnant points are located where 4'(x) = 0,z = A,(1—1/./3).
There is a horizontal current in the direction of the wind stress down toadepth £,(1—1//3)
below the surface, and a horizontal return current in the remaining depth of the top layer.
Vertical current is zero when A4’(x) = 0 (i.e. at values of x where the horizontal current is a
maximum); is directed upwards where 4’(x) > 0 and downwards where 4’(x) < 0; is
greatest at the depth z = £;(1—1//3), and zero at z = 0, k;. Associated with the circulatory
motion in the top layer is a shear stress F; given by (66); the shear stress F, in the bottom
layer is zero (figure 4). Summarizing, the preceding analysis shows that a sudden increase
in the wind stress acting over the surface of a narrow two-layered lake produces (i) ordinary
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WIND EFFECTS IN A LAKE 407

and internal seiche oscillations, of the kind described by Proudman (1953, pp. 336 to 341);
(i) steady displacements of the water surface and the surface of discontinuity between the
layers (equation (72)); (iii) large-scale circulatory motion in the top layer (equation (73)).
This is the result obtained when internal friction at the surface of discontinuity and bottom
friction are assumed to be zero.

5. EFFECTS OF BOTTOM FRICTION

The problem of determining the response of the two-layered lake to an instantaneous
rise in wind-stress level at time ¢ = 0, investigated in the last section, is again considered.
Bottom friction, ignored previously, is now taken into account, and formulae are derived
for the elevations, {;, {,, and the current «,, in the motion of the lake. Instead of solving the
differential equations (24) to (27) involving the current at any depth, the much simpler
equations (19) to (22) are solved, again taking the internal friction at the surface of discon-
tinuity to be zero (¥, = 0), but now making the approximation, similar to that used by
Proudman (1954), in which the friction at the lake bottom is given by

,3% = 2ku,,, (33)
where £ is some constant. With
F¢ = H(t) A, sin (nmx[l), (34)
and § = Z,(8) cos (nmxfl), &, = Zy(t) cos (nmxl), } (75)
Uy, = Uy, (8) sin (nax[l),  u,,, = U,,(£) sin (nnx/l),

where u,,, = u,,, = 0 at ¥ = 0, ¥ = [ as required by (28), (19) to (22) become

db,,, nng H(t) A, )
a =1 AT
AW | opy7, %ﬂzl+’ﬂg(1~ﬁ)zz,
Sde [ p, l Ps (76)
nmh, dZ, dz,
T Ut g @ =0
amhy | dZ,
T Ut g = )

If we suppose that the water in the lake lies at rest initially, so that U,,, = U,,, = Z, = Z, = 0
when ¢ = 0, taking Laplace transforms in (76) yields

w nmg 4, ) 1 )
sU,,, = e Zl+(p1/z
(s+2k) T, = 7841 2, 4178 (1 L 1) Zy,
, R A el (77)
@l—l Ulm+le——sZZ =0,
n7Tl/z2 Usp+5Zy = 0. ‘

50 Vor. 259. A.
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408 N. S. HEAPS AND A. E. RAMSBOTTOM

The solution of these equations is

7 A, 1 A, 3 9 7T g n=me ghy )/
“=- <”"P1k1 g) }+”7T/’1h1g (s 2k e

B A, 1 4, 3 o n2migh nm?gh, ) /
%= (it pie) s 2 o H2ER) o), (78)
U — é_( 2+2/€S—|—n2ﬂ2gh2)/ (.S‘)
_ 2.2
U2m = n ﬂ gA / .S'), J
2.2 44 52
where x(s) = 54 253" ’l’zg’z 2.y Zhn 3 ghy g m'm §4h1h2 (1-%). (79)
2
cq . . 4k212h h
Considering cases in which = nz—ﬂgl/ﬁ—z (80)

and 1—p,/p, are sufficiently small to be neglected in comparison with unity, we find that,

approximately,
/C/l n2,”20-2 " /Cll 2 7227120'2 "
o) = (o) = (o) ) (81
where J% :gh(l_al,n)) al,n:enb2/4hl;
) _ gl ( pl) e, / pl) } (82)
JZ,n /2 1— (1 32,n)a 32,11*4}&% (1 Do

With x(s) given by (81), if we make further approximations in which e, ,¢,/k,, k€, [k,
and 1—p,/p, are neglected in comparison with unity, the forms (78) may be expressed as
follows:

(ol (s-+- i) —k/zllz2/h2}
(st kho/B)2+n2n20%, JI2 " (st ki JR)2 +nPn%a} JI2 |

7 _ [An ‘ (hy[R) (s+ khyll) + 3k, byl 2
Yommphigl s

7 A, {1_ (s+khy k) +kh[h }
2omm(py—p) kig\s  (s-+khyfh)?+nPnbed [12)

T A {hl/lz—(en/k) (s+khy/h) lzz//z—l—(en/k)(s+klz1/h)}
O (e AR R A L mer

_ __{1—[enh(h2-/z1)/2/c/zlhz] (s+khy/h) n — 1+ [e,h(hy—hy) |2khy hy] (s+k/z1//z)}
™ poh (s4-khofh)2+n>m0}  [I2 (s+k/z1/h)2+n27r202 o2

(83)

U,
Subsequently, Laplace transform inversion yields Z,, Z,, U,,,, Us,,,, and these in (75) give

{ = ZPcos (nmxfl),  {y = Z§ cos (nmx/l),
} (84)

= Umsin (nnx(l), u,,, = U sin (nnx/l),
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WIND EFFECTS IN A LAKE 409
where
—1+ (h_ cos My, 0l 3kl£l 1hy 1 mml r ) exp (_@)
i h T 01, n h
! ”"Plhlg hy n7r02 ot Kklhyh, “in mn72 n khyt ’
+(hc mr/z202 " )CXP( T)
o s ot Kl e X ) ( @
Z2 pl) /l {1 ( 7l7T]Z0'2 n eX /l
lhy . mml’nt € nnoy , 2t
v A (mrlwl,nsm P oo ) esp () (85)
il lhy . nmoy,t ¢  nmo,, }llt
+ (nﬂth,nSHI i +—k— Cos i exp ——
( l sin nnay, 4t e,h(hy—h) Smml " _ khy t
pg A | eme 2khihy, O 1 CXP h
sz (_- L o, nt_l_g h(hy—h,) mmz,nt) _@) '
oy, L 2hhihy O 1 CXP( R
The elevations and mean currents given by (84) are associated with a wind stress
Fg = H(t) A,sin (nmx[l).
Arguing as in §4, it follows that, corresponding to
Fg = H(t) A(x), (60)
where Ax) = S A sin (nmx)l), (61)
n=1
we have { = % Z{P cos (nmxfl), {,= Ej Z§ cos (nmxl),
n:l n: ( 8 6)
Uy, = > UBsin (nax(l), uy, = 3 Uiysin (nmx/l).
n=1 n=1

The forms (85) and (86) indicate the presence of damped seiches of periods 2[/ns, ,,
2lfn, , (n=1,2,3...) in the lake as a result of the sudden rise in wind stress given by (60).
The case of zero bottom friction is obtained by putting &£ = 0: {}, {,, %, %o, given by (86)
then reduce, as expected, to {;, {y, #,,, Y, deducible from (63) and (69). The period 2//ns, ,
is associated with a surface seiche of wavelength 2I/n, for as k - 0:2l/nc, , - 2l[n(gh)?,
which is the period of the surface seiche of wavelength 2//n in the case of zero bottom friction
(equation (70)). Similarly, the period 2//nc,_, is associated with an internal seiche of wave-
length 2{/n. The periods 2{/no, ,, 2l[no, ,(n = 1,2,8,...) of the surface and internal seiches,
respectively, depend upon the frictional coefficient £ according to the relations (82).
Since we have considered ¢, < 1, it follows that ¢} , ~ gk, i.e. the friction has a negligible
effect on the periods of the surface seiches. Its effect on the periods of the internal seiches is
negligible when 4§, , < 1, for then
03 ~8hhs (1 ,01)
Tk P2

50-2
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410 N. S. HEAPS AND A. E. RAMSBOTTOM
The Laplace transform inversion yielding Z{®, Z§, U, U given by (85), is appro-
priate when
k> < w*mghhy(py— py) [p2Phy,s
i.e. when §, , <1, 03 , > 0. However, when

k2 > n*mghhy (py—p1) (P2 1y,

then &, , > 1 and 03 , = —03%, <0, in which case Z{?, Z{», Uy, Uf},, derived from the in-
version are given by (85) with

sin} nmoy ,t sinh} nmoy .t
l b

cos ; replaced by cosh

and ¢, , by 03 ,. Bottom friction is then great enough to prevent the development of the
internal seiche oscillation of wavelength 2//n. When

k? = n*m’ghhy(py— py) [po Phy,

thend, , = 1,03 , = 0; in this case the appropriate forms for Z{», Z{, Ufn, Uj?) are obtained
from (85) by replacing (I/nna, ,)sin (nma, ,t/l) by ¢, and cos (nmo, ,¢/I) by unity. The fric-
tion'is then just great enough to prevent the development of the internal oscillation of
wavelength 2//n.

Internal seiches centred on the thermocline boundary may be regarded as the normal
response of a stratified lake to the wind (Mortimer 1953). In general, therefore, according
to the above argument, we expect £2 < #2ghh,(py— p;) [pol%h, in a two-layered model. There
is, however, evidence from Windermere northern basin (Mortimer 1955) to show that just
before the autumn overturn, at times of low stability when 1—p,/p, is comparatively small
and h, comparatively large, the wind does not set up any conspicuous internal oscillation
in the Lake—suggesting that in a two-layered model the condition 2 > n2ghh,(p,— p,) [pol?hy
might then apply.

With «,,, known from (86), the horizontal current at any depth in the top layer, #;, may be
determined from

A(x)

2hA(x) & (—1)r+! r2m2 N, ¢ rw
. A\ _\2__}2 1 o rnv i .
U = u1m+6p1Nlh1 {8(h—2) hl}+p1N1 2 Tgl 2 X ( 7 ) coshl (hy—2z). (87)

This relation is suggested by the third equation of (63). It may be verified that u, thus given
satisfies the differential equations (24) and (26), the boundary conditions (28) to (30), and
the initial condition: ¥, = 0 when ¢ = 0.

An examination of (87) shows that %, consists of a part #,,,, independent of the depth z,
due to the seiche motion in the lake, and a part due to the wind-driven circulation discussed
in §4. The horizontal current at any depth in the bottom layer, u,, cannot be determined
from the theory of the present section; this current will vary with the depth under the
shearing effect of bottom friction. The shearing does not reach up into the top layer because
of the assumption of zero internal friction at the surface of discontinuity.
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WIND EFFECTS IN A LAKE 411

6. SOLUTION OF THE EQUATIONS WITH ZERO BOTTOM CURRENT

Again, as in §4, we seek a solution of equations (24) to (27) to determine the motion in the
two-layered lake resulting from a sudden increase in the wind stress F at time ¢ = 0. The
condition that the bottom friction is zero, employed in § 4, is now replaced by the condition
that the bottom current is zero; equations (28) to (31) give the complete set of boundary
conditions. The analysisis more general than that given in either §4 or § 5, for bottom friction
is taken into account, and the current at any depth in e:ther layer may be determined.

Equations (34) to (43) are applicable with the last condition of (43) replaced by

Uy,=0 at z=h (88)

Substituting U;, U, given by (41) into (39), (40) and (43) thus modified, yields

2 _ _
(n ﬂlgh o )21—52Z2 ~n77.9[ B,sinha,k,+C,(1—cosha, k)], (89)

7;7” [B, (sinh ay ) —sinh ay k) 4 C, (cosh ay by —cosh ay k)],  (90)

—p1 Ny, Cy = 4,5, (91)

Bysinh ok, +C cosha, k) = 0, (92)

By sinh oy by + Cycoshayhy = 0, (93)

B, coshayh+C, smhcxzh—l—nZTg 1Z —l—»—g( 'ol)Z = (94)
P2 L P2

Then, solving these equations for Z,, Z,, U,, U,, we get

Z, :__( A, )1 |: +n2ﬂ2gs( _tamhoz2 )]
napyhy g/ s ”77/’1 1.§ y(s)’
- (A 1 A n271 gs tanh o,/ 1
0 ) s ] L
2 \am(py—py) bigl s nm(py—py) Ing et Oy ¥(s) (95)
>
7 — (A )1 4, cosh{o,(h,—2)} 4, 2+n27r2 ( “tanhazkz)] 1
v \pyhy) s? splNloclsmhoclhl o1l 2o\ oy ¥(s)’
7 _n*n*gd, [1 cosh {a,(z— lzl)}]
z 1%p, cosh a,f ¥(s)’
: 2n2g tanha,h 2m2 gh
where ) = D) T E 2{s2+” e 1(1—%;)}. (96)

The function ®(s) is defined by (51).


http://rsta.royalsocietypublishing.org/

AL 1

|

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

P

Y &
A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

412 N. S. HEAPS AND A. E. RAMSBOTTOM
Laplace inversion in (95), using (57), yields
= i (— 1)),
Ui = gonr, Bl =21} - (o)
i 5o () ) S
" |

where, from the inversion theorem,

4" 712g/l tanh {f,(1/Ny)*\ 7 exp (Af)
f 7_100[ ( B IAL ) OB

- yHio tanh {&, (/I/N YT exp (A7)
*"%wa B (e SR S o

1 prie Ny, uwtalg(,  tanh {hy(A)/ Ny T exp (&)
S= o), T [A T ( WN,)* ) by
g1 rHe n2n2g N, 1 cosh {(z—1,) (A/N,)*} exp /It
fT O om) e Ay ~ cosh {h,(A/N,)%}

The problem now is to evaluate these integrals by contour integration. The singularities
of each integrand coincide with the non-zero roots of (1) = 0. This equation may be written
in the non-dimensonal form:

tany = %ﬂ, (99)

where v = ihy(A/Ny)¥, (100)
a = 2N} [n?n%gh3, (101)

b = 1+h/h,, (102)

¢ = dja, (103)

d = hy(1—py/py) [ (104)

Here, a, b, d are the basic parameters: for any particular lake 4, 4 are easily fixed, but a
may be regarded as variable since N, is, in general, unknown. No distinction is drawn
between roots of (99) which differ only in sign, for these correspond to the same value of A.
Using (99) to express ¢ as a function of v, for 0 <v < §m, we get

a = [tany—by+{(tanv—bv)24-ddv(tanv—v) }¥] /205, (105)

from which it follows that ¢ has a minimum value, g, say, at some point v == v, (0 < v, < 47).
Hence, if @ < a, there are no real roots of the equation (99) for 0 <v < §7. The equation
then has two pairs of conjugate complex roots. One pair, denoted by «, 4-ir}, corresponds
to the roots A = +-inmf, [l of the equation ®(A) = 0; the other pair, denoted by «,-i7,,
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corresponds to the roots A = +innf,/lof ®(A) = 0. If @ = a,, (99) has one real root v = v, for
0 <v < 4w, and one pair of conjugate complex roots «, +ir,. Ifa > a,, the equation has two
different real roots in the range 0 < v < im denoted by v, v,,, and again a pair of conjugate
complex roots k;+i7,. For every value of a real roots exist which are approximately equal
to &rm (r = 3,5,7,...), denoted by v, vy, Vs, ....
If we use (100) in the form
A = — N,v?/h3, (106)

it follows that, apart from zero, the roots of (1) = 0 are:

for a <a,, —Ny(k}—7124-2k,7,1) (B3, — Ny(k3—7%+2,7,1)[h3;

for a= a,, — N, (k3 —713 42k, 7,1)[h3, — N,v3/h3;

for a > a, —Ny(k2—734-2k,71,1) /3, — N3 [h3, — Nyv3,/h3;
and for all g, — N, v}k, —Ny3/h3, —N,vijh3,...;

where Ky, Ty, Koy To, Vo1, Voo V(¥ = 1,2, 3, ...) are functions of a, b, and d; and a,, v, functions
of b and d. The above roots are simple poles of the integrands of J,, J,, J; and J,, given by
(98), and these integrals may now be evaluated using the calculus of residues. A contour
similar to that used for the evaluation of 7in §4 is taken. Then, using Cauchy’s theorem as

before, we deduce that each integral equals 271 X (sum of the residues at the poles of its inte-
grand). Thus

J, — 2 [ 1 { Peas n? 17;2 (ﬁz B tanh(gl;j\(r )2( )/ i\f 5) %}) } ej;l?(%t)l\:_lvz -
tanh {f,(1/N,) ’5‘}) } exp (A¢)

Jz_z[a{az ’”’g(h Ry

RIRAL V') Daemmoring’
= g [l (o =) TR s
7= 3 s ) P
whichreduceto J, = 3 H,() exp (—Ny¥[) (g =1,2,3,9), (107)
where H, = 2(a®+v*—13tan) [E,

Hy = 2(av®+bv*—1v3tanv)/E,
H; = 2(a®+v2—vtanv)/E,
Hy = 2v?[1—cos (£v) [cos V] [E,
E = 9av®+ (50 —1) vt—4p3 tanv— (vt +¢) tan?v,
£ = (z—h)/[h,
each summation extending over the various non-zero roots of (99) corresponding to different

values of A. In the usual notation ¥’(1) = dy//dA. Now using (99), it may be shown that, in
(107),

> (108)

H, (k-+ir) = L, (k,7) +iM,(k,T), (109)
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414 N. S. HEAPS AND A. E. RAMSBOTTOM
where L, = 2(ac+1-0b) (I, e,+m,e,)/e,

M, = 2(ac+1—0b) (mye;—1¢,)/e,

L, = 2¢(lye,+mye,) e,

M, = 2¢(mye;—lye,) e,

Ly = 2(ac+1—0b) (Ise,+mge,) e,

M, = 2(ac+1—0) (mge;—I5e,) e,

Ly = 2{(1—15) (lyey+myep) +ms(myey —Iye5)}e,

M, = 2{(1 —1;) (mye;—lyey) —ms(lse +myeq)}fe,

- (110)

the newly introduced real quantities /;, m,, ¢, etc., being determined in terms of «, 7 (also
real) from the relations

[, +imy = 05, ly+imy = ao®+ (b—1) 02, I3+img=o*, [+im, = o*+o,
Iy = 2(cos &k cosh &7 cos k cosh 7+4-sin £k sinh £7sin k sinh 7) /(cos 2« -+ cosh 27),

ms = 2(cos &k cosh &7 sin k sinh 7 —sin gk sinh £7 cos k cosh 7) [(cos 2« +-cosh 27),

e, +iey = —a201% —2abo'2+ 5aoc'® — (b2 + 2ac) 0%+ (9ac+b—1) 05 —2bco* (111)
+5(b—1) co?—c2,
= 8%—]—8%,
(0 = k+1ir).
Hence, from (107) with values of v inserted, we get
Jq = Gq(Kb 7)) exp (—7;8) + Gq(K2> Ty) €Xp (—7,1)
| + 3 H, () exp (—Nop2tfiB) - (a < ),
J, = Gy(ky,my) €xp (—718) +H, (vy) exp (— N,viit/h3)
d s (112
FEH ) e (- Nath) (a=a)| T
Jy = Gy(ky, 7y) exp (—y,) +H, (v5) exp (— Nyv§y t[h3) + Hy (v4,) exp (— Nyvgy t/h3)
+ 3 H,y(v) exp (= Novitlh) (2> ap),
where G,(x,7) = 2L, (k,T) cos (2Nykrt[h3) +2M,(x,7) sin (2N, k7[h3), (113)
and 7= No(ki—1) B3, vo = No(k5—73) [B5. (114)

Taking ¢ = 1,2, 3,4 in (112) gives J}, Jy,,J; and J,. These in (97), and then Z,, Z,, U,, U,
from (97) in (35), give {;, {5, u,, 4, in the response of the lake to the wind stress

Fy = H(t) A,sin (nmx[l).

Thus ¢ = Z™ cos (nmxfl), {, = Z{ cos (nmxl), } (115)

uy = UPsin (nmxfl), u, = UV sin (nmx/l),
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WIND EFFECTS IN A LAKE 415

where, in the case when a < a,,

| )
2= g gl 1 Gl X0 (=71 Gl xp (2
+ 3 Hy(v,) exp (— N,
4
Z{ = Wmil —Gy(ky, 7:0) exp (—7,t) — Gy(Ky, 5) €Xp (—751)
— 3 Hyfn) exp (— Ny ],
4 2m A, = (—1)+1 22N, ¢ rm
(n) __ n N2 B2 14y . 1 mey,
o = 6.01]\71}11{3@1 ) hl}+P1Nl7’2 r=1 72 o ( h3 )COS {/ll(hl Z): ¢ (116)
h3A
— | Calenm) exp (—710) + Gy leams) exp (=72
+ 3 Hylv,) exp (—Npp2ig)|,
hyA
Oy = 72932 {Gylir ) exp (—718)+ Gyl ) exp (=71
P2i¥2 "
+ 3 Hy(v,) exp (— Nypkifig)].

/
Examine equations (115) and (116) and compare them with (59) of §4, and (84) and (85)
of§ 5. Terms in U{” representing circulatory motion in the top layer may again be recognized;
also trigonometric terms in x and ¢, representing two seiches of wavelength 2//n, with periods

T, = wh3/Nyky 1y, Ty = Th3/NykyTs, (117)
and damping factors Ji=exp(—1t), fo=-exp(—7,l), (118)
respectively. When a > ay, i.e. N, > nm(gayh3)/l, (112) shows that there are no terms in
zZm, Zg, U, U corresponding to an oscillation of period 7,. Evidently friction is then
great enough to prevent the development of this mode which is, therefore, an internal seiche,
the mode of period 7] being a surface seiche: thus interpreted the results obtained here are
consistent with those obtained in § 5, the condition N, > nn(gayk3)*/l given above correspond-
ing to the condition k2 > n?n2ghh,(p,—p,) [p2l%h, derived in that section.

The response of the lake in the more general case when

F, — H(f) 21 A4, sin (nmx/l)

is, from (115), § = % Z{® cos (nmxfl), = % ZP cos (nmx[l),
n:l n:l (1 19)
uy = 3 UPsin (nmxfl), u, = 3 UiPsin (nmx[l),
n=1 n=1

where it should be noted that in Z{®, Z§», U{®, U§ there is a different set of values of «;, 7,
Koy Tos Vo1, Vog and v, (r = 1,2, 3, ...) for each different n. Seiches of different nodality are now
present in the motion of the water. As indicated above, friction is great enough to prevent
the development of the internal seiche of nodality 7 if

N, > nn(ga,h3)/L. (120)

51 Vor. 259. A.
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416 N. S. HEAPS AND A. E. RAMSBOTTOM

In a stratified lake, of all the internal waves which are theoretically possible the one most
commonly set in motion is a uninodal seiche on the thermocline boundary (Mortimer
1953). Hence, corresponding to most natural conditions we expect N, < m(ga,h3)?/l
in the two-layered model. This inequality corresponds to 2 < w2ghh,(p,—py)/pol?hy, i.c.
€, < 443(1—p,/p,) |R?, given in §5.

7. RESPONSE TO A VARIABLE WIND STRESS

In §§4, 5 and 6, the elevations {;, {, and the currents u;, 4, u,,,, #,,, associated with a wind-
stress distribution Fy— H(t) A(x) (60)

have been determined. Let these elevations and currents be denoted, respectively, by
81» oy U1, U, Uy, Us,,; €ach is a function of ¢ and x, zero at ¢ = 0. Then, the corresponding ele-
vations and currents for a distribution

Fo=0(0)A(x) (1>0), (121)

where O(£) is some general function of ¢, are given by

f o) ) (t 7, %) dr
6= @<T)£2<t_7,x) dr, (122)

ul—f 0(7) = —1 (¢—1,x)dr,

with similar integrals for u,, u,,,, u,,,. Integrals of this type have been formulated by Proud-

man & Doodson (1924, p. 146). In particular, when ©(#) consists of a series of steps in time
defined by

@(t) = ®1 (0 LA t1)>
=0, (h<isty),

=0; (h<i<i), (123)
etc.,
where (O C U T A
are constants, then
= 0,0 (0<<y),
= 010(6%) +(0,—0)) {{(t—1,,%) (4, <t<1ty), (124)

= 0,8(5%) + (0, —0,) {(t—11, %) + (03— @) {{(E =ty x)  (l,<t < 8y),
etc.,
with similar expressions for {,, u;, 4y, t,, %,,. In the application of the present theory to

Windermere, described in part I11, a time-variation of wind stress of the form given by (123)
is used in representing the actual variation over the lake deduced from anemometer records.
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PART II. ANALYSIS OF OBSERVATIONS FROM WINDERMERE
By N. S. HEaps anND A. E. RamssorTOM

8. INTRODUCTION

In part I of this paper a thecory has been developed for the motion of a narrow two-
laycred lake under wind stress. The theory is applied, in part I11, to determine fluctuations
in the level of the thermocline, and mean currents, in Windermere northern basin during
a period of summer stratification. Observational data for this period, relating to Winder-
mere, arc described and discussed in §§9, 10 and 11 which follow.

Temperature obscervations in the lake, taken by Mortimer (1953), have been analysed
to determine the vertical motion of the thermocline at one station ; wind measurements have
been used to estimate the varying component of the wind stress directed along the length of
the lake. The results of these analyses arc now presented and examined.

The processing of the data given by temperature and wind records has been carried out
mainly by onc of us (A. E.R.) at thec Windermere laboratory of the Freshwater Biological
Association. Responsibility for the methods used, and the interpretation of the results
obtained, rests with the first author.

9. ANALYSIS OF TEMPERATURE RECORDS

A chart of the northern basin of Windermere, showing the oricntation of the lake, its
depth contours, and the medial line through the decpest points is given in figure 5. The
vertical longitudinal section, taken to be the depth variation along the medial line, is shown
in figure 6.

Temperatures of the water in Windermere northern basin have been measured by Mor-
timer (1953) at ninc fixed depths spaced throughout the water column at a station S—
marked in figures 5 and 6. The mecasurcments werce carried out by means of electrical resis-
tance thermometers moored in the lake and connected to recorders ashore. These were
arranged to rccord the temperature at each of the nine selected depths in turn, repeating
the cycle every 18 min. In this way, practically continuous traces were obtained giving the
variations of tempcrature at cach depth. Results obtained during the summer of 1951
covering the period 14 August to 18 September, already discussed by Mortimer (1953),
were kindly made available to the present authors by Dr Mortimer for a further analysis.
This has been carried out and is now described.

Temperatures in the water column at station §, at 12.00h, 14 August 1951, at the nine
fixed depths (0,4,7,10, 14, 19, 24, 31 and 39 m), were read off the traces. By graphical in-
terpolation, a continuous profile giving the variation of temperature with depth was con-
structed. This procedure was repeated at intervals of 13 h throughout the observational
period 14 August to 18 September 1951. The temperature profiles obtained in this way
constitute a scrics of snapshots of the changing distribution of temperature in the water
column at S, and, as tempcrature is a conscrvative property of the water, the movements of
temperaturc may be used to indicate the movements of water masses. Two of the profiles,

51-2
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418 N. S. HEAPS AND A. E. RAMSBOTTOM

Ficure 5. Chart of Windermere northern basin showing the 40 and 60 m depth contours ( )
and the medial line through the deepest points (— - —-). The resultant wind stress, F, and its
component Fg along Ox (parallel to the length of the lake) are indicated.

N 25°W

L Il 1

204 ;

depth (m)

60

Ficure 6. Longitudinal section of Windermere northern basin (——);
theoretical basin (----- ).

shown in figure 7, illustrate the thermal stratification of the lake: a warm surface layer was
separated from a colder bottom layer by intermediate water characterized by a large
vertical temperature gradient, or thermocline. The depths corresponding to 17, 14, 11 and
8 °C (temperatures in the region of the thermocline) were read off each profile and plotted
against time. In this way curves were obtained giving the variation in depth of isotherms
in the thermocline region at station §. Figure 9 shows the curves for the period 14 to
20 August, and figure 11 the curves for the period 13 to 17 September. These figures are
discussed in §11.
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temperature (°C)
18
]

depth (m)

30 -

40H -

Ficure 7. Vertical distribution of temperature at station S, Windermere northern basin:
(a) 03.00 h, 17 August 1951; (b) 01.30 h, 15 September 1951.

10. ANALYSIS OF WIND RECORDS

For the estimation of wind stress on Windermere northern basin during the period
covered by the temperature observations, wind data was available from Dines anemograph
records taken at Sellafield and The Ferry House. Sellafield lies on the coast 23 miles
west of the lake, while The Ferry House is situated at the southern end of the basin
on its western shore. Because of their locations, neither the anemometer at Sellafield
nor that at The Ferry House can be relied upon to give an accurate representation of
wind conditions over the lake at all times. The Ferry House instrument is sheltered by
a hill in the sector southwest to northwest and as a result does not record the full force
of the winds from this quarter. This is a serious inconvenience, for many of the winds which
affect the lake have a pronounced westerly component. On the other hand, the Sellafield
anemometer in its exposed coastal position cannot account for local peculiarities in the
wind field over the lake induced by the surrounding hills and side valleys. It seems likely,
however, that the records from the latter instrument are the more reliable for the purpose
of estimating a mean wind-stress value for the lake at any particular time. Accordingly,
stress values derived from the Sellafield records, rather than those derived from the Ferry
House records, are used for the main discussion of the present paper.

The anemometer records gave hourly mean values of wind speed and wind veer from the
north (angle ¢ shown in figure 5). The wind stress, F, associated with each wind speed was
calculated from the formula: Feop, U,
where p, denotes the density of the air, U the wind speed corrected to a height of 10m,
and ¢ the drag coefficient. We took p, = 0-00125 g/cm?, ¢x 103 = 0-565 for U < 5, and
¢Xx 103 = —0-12-+0-137U for 5 < U < 20, U here being measured in metres/second. The
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latter formula for ¢ was communicated to the authors privately by Professor P. A. Sheppard,
F.R.S., who inferred the result from wind measurements by application of the well known
logarithmic ‘law of the wall’.

From each pair of values (F, §), known at hourly intervals, F; was calculated from the

equation F¢ =—Fcos (0+25°),

where 8 is in degrees. Asshown in figure 5, F is the wind-stress component over the lake in
the direction N 25°W, i.e. the component directed parallel to the length. Values of Fg
obtained in this way from the Sellafield records are plotted against time, concurrently with
the curves giving the fluctuations in level of isotherms at station S, in figures 9 and 11.
Figure 9 covers the time interval 14 to 20 August, and figure 11 the interval 13 to 17 Sep-
tember. Figures 8 and 10 show graphically the steps in the calculation of F for each period,
respectively: F, 6, and the cosine factor —cos (0 +25°), are plotted against time.

11. DiscussioN

The temperature records discussed in §9, covering the period 14 August to 18 September
1951, obtained from the nine thermographs spaced throughout the water column at station §
have been presented by Mortimer (1953) in his figure 11. Spells of strong wind occurred
from 18 to 19 August, 25 to 26 August, on 29 August, and from 13 to 14 September. During
each spell, internal waves, indicated by oscillations of the measured water temperatures,
appeared on the thermocline boundary; the waves continued in the form of damped
oscillations after the wind had dropped.

As described in §9, we have analysed the temperature records to determine the fluctua-
tions in depth of isotherms in the thermocline region of the lake. In the discussion which
follows, these fluctuations are examined in relation to the variations in the wind-stress
component Fg, for the time intervals: 14 to 20 August, 13 to 17 September. The intervals
have been selected from the entire observational period (14 August to 18 September) in
order to include examples of the internal wave activity mentioned above.

(a) Observational results: 14 to 20 August 1951

During this interval of time there was a relatively calm spell of weather from 14 to
17 August, which was followed by a period of strong wind from 18 to 19 August. The
sequence of changes in wind stress (/) and wind direction (f) is indicated in figure 8.
During the calm spell, the wind stress never exceeded 0-6dyn/cm?; later, it reached a
maximum of 1-7 dyn/cm?on 18 August. On 14 and 15 August the wind was in the northwest;;
its strength decreased progressively, and by the end of 15 August there was an almost
perfect calm. From 16 to 18 August the wind was in the south, apart from a temporary
swing to the northwest for a few hours on 17 August; on 19 and 20 August it had veered to
0 = 245° and was blowing at right angles to the length of the lake.

Figure 9 shows that, in the vertical motion of the thermocline at station §, an oscillation of
period 12h, centred on the 14 °C isotherm, was predominant. This oscillation may be associ-
ated with the fundamental internal seiche in a two-layered model of the lake, the interface
between the layers of the model corresponding to the 14 °C isotherm in the lake. Short-
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WIND EFFECTS IN A LAKE 421

period oscillations of relatively small amplitude are observable, superimposed upon the
main 12h oscillation. Also, a wave with a period exceeding 12h may be detected in the
vertical motion of the 8° isotherm.

day (August 1951)
i’ 1 | 16 | 7 ] 18 19 | 20 |

F (dyn/cm?)

0 (deg)

g{i +1t
%/ | L + o A e H' 7y 7 \\J
-t .

Ficure 8. (a) Resultant wind stress F' dyn/cm?; (b) wind direction from the north, 6 degrees;
and (¢) the factor —cos (6 + 25°), for the period 14 August to 20 August 1951.

day (August 1951)
14 15 [ 16 | 17 ‘ 18 19 | 20

101

depth (m)

[
S
—r—T—

) B
~—r

Fy (dyn/cm?)
T
[
/
h

|
—
T

Ficure 9. Depths of isotherms in the thermocline region at station § of Windermere northern
basin, and wind-stress component Fg, during the period 14 August to 20 August 1951.
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From 14 to 17 August, the fluctuations in level of the 14 °C isotherm took the form of a
set of damped harmonic oscillations—initiated at the beginning of the period. The ampli-
tude of the oscillations was reduced by about £ in 2% days, as indicated by the pecked-line
envelope in figure 9: this observation is used in part III to arrive at a value for the frictional
coefficient £ (equation (33)).

Referring again to figure 9, it is apparent that, in the proximity of 11.00h on 17 August,
there was a reversal in direction of the wind-stress component F (¥ was originally positive,
directed towards N 25°W, and then became negative, directed towards S 25° E). Subse-
quent to this reversal, the level of the thermocline at station S took a downward plunge.
This may be explained as follows: the northerly wind impulse, applied to the surface of the
lake, forced relatively warm water above the thermocline towards the southern end of the
basin; the warm surface water, thus transported horizontally, displaced colder bottom
water and produced a fall in thermocline level at station S, as observed. The fall in level was
clearly the beginning of another set of thermocline oscillations of the type already described.
However, before the oscillatory pattern could develop fully, the strong winds on 18 August
had a decisive effect on the motion of the isotherms. These winds set up an oscillation on the
thermocline boundary in which, as shown in figure 9, the vertical displacement at station S
reached as high as 5 m from wave trough to wave crest. Quite apart from the strength of the
wind, it would appear that the timing of the wind pulses, directed along the length of the
lake, contributed significantly to the magnitude of this oscillation: the two main peaks
in Fg on 18 August were separated by an interval of 12h; the 12h oscillation, excited by
the wind pulse associated with the first peak, was thus reinforced by the wind pulse associated
with the second peak.

Finally, it is of interest to note the rise in the mean level of the 14° C isotherm during the
period of strong wind on 18 and 19 August. This rise, recorded at the southern end of the
basin at station S, may be attributed to the ‘steady’ tilt of the thermocline boundary along
the length of the lake, maintained by the wind-stress component Fg directed towards the
northern end (e.g. see equation (72)).

(b) Observational and theoretical results: 13 to 17 September 1951

The resultant wind stress (/) and the wind direction (#), during this interval, are plotted
against time in figure 10. The stress component Fg derived from these graphs, is given by the
continuous-line curve in figure 11. Clearly there were strong winds over the lake during
13 and 14 September, the wind stress reaching a maximum of almost 4 dyn/cm? and exceed-
ing 2 dyn/cm? for most of the time. On 15, 16, and 17 September the winds had moderated
and the wind-stress level had dropped to 0-75 dyn/cm? (a mean value).

The changes in wind direction caused significant changes in the sign (i.e. the direction)
of F;. On 13 September the centre of a small but intense secondary depression, moving
north-eastwards across the British Isles, passed over the lake. As a result, the wind on that
day veered from ¢ = 190° at 14.00h to = 320°, 4 h later. This quite rapid change in wind
direction, coupled with strong winds before and after the passage of the depression, produced
the sharp drop in Fg from +2:2dyn/cm? to —2-7dyn/cm? apparent in figure 11. Subse-
quently from 18.00h on 13 September to 03.00h on 15 September, the wind backed slowly
from 6 == 320° to 6 = 215°, and F passed from negative to positive values. Under the
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day (September 1951)
13 | 4. | 15 ; 16 ] 17

F (dyn/cm?)

i

<@ 300t
. | . )
% 00l
§ >.‘ % 200 ®)
olm = 1ol
~ =
= O
= O
= " (©)

—cos(f + 25°)

-1

Ficure 10. (a) Resultant wind stress F dyn/cm?, () wind direction from the north, § degrees,
and (¢) the factor —cos (6 + 25°), for the period 13 September to 17 September 1951.

day (September 1951)

PHILOSOPHICAL
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depth (m)

%
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SOCIETY

Fg(dyn/cm?)
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Ficure 11. Depths of isotherms in the thermocline region at station §' of Windermere northern
basin and wind-stress component Fg deduced from the Sellafield anemometer records, 13 Sep-
tember to 17 September 1951. Theoretical values of thermocline depth and Fg are shown by
the dashed curves.

52 Vor. 259. A.
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influence of a further secondary depression moving eastwards over the British Isles, the
wind strength then decreased quickly to almost zero at 07.00h on 15 September. After
this time, the wind rose up in the northwest and /¢ became negative.

During the interval, internal waves of large amplitude appeared on the thermocline
boundary, as shown by the oscillatory motion of the isotherms at station § (figure 11).
One may conclude that these waves were due to the changes in wind stress which took
place over the lake during the interval, since a week of calm weather preceded the onset of the
strong winds on 13 September. Under such conditions, it is appropriate, and of considerable
interest, to try to relate the oscillatory motion at § to the changes in the wind-stress com-
ponent F during the interval, using the theory developed in part I. To this end, the theory
is applied in part III to determine the fluctuations in the level of the thermocline at S, in
response to a time-variation of Fg (taking the form of a series of rectangular wind-stress
pulses each of duration 3h) which approximates to that deduced from the wind records.
The fluctuations in level thus obtained, and the Fg variation from which they were derived,
are shown by the dashed curves in figure 11. It is apparent from this figure that the thermo-
cline level from theory approximates satisfactorily to a level lying between the 11° and
8° isotherms in the lake.
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PART III. APPLICATION OF THE THEORY TO WINDERMERE
By N. S. Heaps

12. THEORY OF §5 (NUMERICAL EXAMPLE)

The northern basin of Windermere (figure 5) is represented theoretically by a rectangular
basin of length 6-6km and depth 36 m, with the origin at the southern end and the hori-
zontal axis Ox pointing in a direction N 25°W along the length (figure 6). Numerical
values, appropriate to the interval 13 to 17 September 1951, are taken as follows:

hy = 15m, p1=1—845x10"g/cm3,

hy = 21m, P2 =1—0-50x10"*g/cm3,

[=66km, g=980cm/s2.

The values of depth and density have been deduced from the temperature measurements at
station .S during the interval (figure 11), described in part II; the surface of discontinuity
in the two-layered model corresponds approximately to the layer of water in the thermo-
cline region of the real lake between the 11 and 8 °C isotherms. Temperature measurements
from 14 to 17 August 1951 show that in a period of calm weather following a wind pulse
the amplitude of the vertical thermocline oscillation is reduced by a factor of about 1 in

2% days (figure 9). To obtain an exponential decay-rate of this order in the formula for

, gl by (86), we tak
{,, given by (86), we take b — 0-044h-L.

In the absence of data on the wind-stress distribution, 4(x), we assume that this is a constant,

A.. Tf we tak
st T WETae AlF) =4, (0<x<0), |

=0 (x=0,x= l),J
it follows that the Fourier coefficients 4, determined from (61) are
4,=44/nm  (n odd),
=0 (n even).
Calculation with the above numerical values, using (80) and (82), gives
¢, = 1-817x1076/u2, &, , —0-636x1075/n2, 4, , — 1-679 X 10-3/n2,
and seiche periods
2lnoy,, = 0:1952/n, 2l[/no, , = 14-04/n (in hours).

Then it follows from (85) and (86) that in the response of Windermere northern basin

52-2
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to a uniform wind stress Fg of 4; dyn/cm? suddenly created at time ¢ = 0 and subsequently
maintained,

§ = Ag 3 [—0-002+40-001 exp (—0-02567¢) cos (32-19 nt)
r=1

476
+0-001 exp (—0-01833¢) cos (0-4475n2)] (E(-%;l@ )

lo = A; 3 [2-289 —exp (—0-01833¢) {2-289 cos (0-4475 nt)
r=1
+(0-094/n) sin (0-4475n¢)}] 9@%‘5—6@,
. (125)
1 = A 3, [0-040 exp (—0-02567¢) sin (32:19n)

+3-987 exp (—0-01833¢) sin (0-4475nt) ]

b

sin (0-476nx)
ﬂ2

Uy, = A, zl [0-040 exp (—0-02567¢) sin (32-19n2)
-

9845 exp (—0-01833f) sin (0-4475ns)] 1 (047672)

b
/

where x is measured in kilometres, ¢in hours, {;, {, in metres, and #,,,, «,,, in centimetres/
second; n = 2r—1. By definition, F in the component of the resultant wind stress along
Ox, i.e. in the direction N 25° W parallel to the length of the basin. Taking 4; = 1 dyn/cm?
in (125), {, (at %/l = 0-126, station S) and u,,,, u,, (at x/l = 0-5) are plotted against time in
figure 12. Inspection of this figure shows that the greatest value of u,,, is 3 cm/s, which,
using (33), leads to a value of 0-15 dyn/cm? for the bottom friction. Hence, at the mid-way
station of the lake, x/l = 0-5, the ratio of bottom stress to wind stress does not exceed 0-15.
Combining, as in (124), forms of {, obtained by taking various values of 4, and different
time-origins in (125), {, is obtained which, at station .S, approximates closely to the fluctua-
tions in the level of the thermocline observed there from 13 to 17 September 1951 (figure 11).
The wind stress F associated with this variation of {, approximates to Fg estimated from
anemometer records. (The high negative peak in Fg on 13 September is only partially
reproduced in the theoretical representation: as an explanation of this result, it is suggested
that the full height of the peak—deduced from the Sellafield wind records—may not have
been realized over the lake due to the effect of the surrounding hills.) The depth-mean
velocities u,,,, U, at the mid-position of the lake (x/l = 0-5), obtained from (125) like {,,
are plotted against time in figure 13.

13. THEORY OF §6 (NUMERICAL EXAMPLE)

The theory given in §6 is now applied to Windermere northern basin. For simplicity,
only {, is determined and consideration is restricted to the case when Fg = H(¢) A, sinnx/l
(n=1). There are then two (uninodal) seiches in the lake: one ordinary and the other
internal. The numerical values of &, &, p;, ps, [, and g already introduced (corresponding to
natural conditions from 13 to 17 September, 1951) are again employed. From (102) and

104),
(104) b=1-7143, d=56786x10"%


http://rsta.royalsocietypublishing.org/

/|
A X

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

JA \
%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

WIND EFFECTS IN A LAKE 427
t (days)
| l l |
1 2 3 4
4_‘
BT
3 ol
1 @
0
4_

ulm (Cm/s)

(b)

0

(e
—
>
>
>
D
)

_2_

Ficure 12. Elevation ¢, and depth-mean currents %,,, #,, corresponding to a uniform wind-stress
component Fg of 1dyn/cm?, suddenly created at ¢ = 0 over Windermere northern basin
(theoretical results): (@) {, (m) at x/l = 0-126 (station S), (8) u,, (cm/s) at x/I = 0-5, (¢) uy,,
(cm/s) at %/l = 0-5.

day (September 1951)
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Ficure 13. Depth-mean currents %,,, %,, (cm/s) at the mid-position (x/l = 0-5) of Windermere
northern basin, for the period 13 September to 17 September 1951 (theoretical results).
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Using (105), a is plotted against » for 0 < v < 4 ; reading the minimum value of a off the
graph gives a, = 0-919 X 1073,

It follows from (120) that friction in the bottom layer of the lake is great enough to prevent
the development of the internal seiche if

N, > 913 cm?/s.

The appropriate value of N, for Windermere under the conditions being considered is
therefore less than this value. In our calculations equation (99) is solved to find «,, 7,
Ko, T, when N, (cm?/s) = 1, 2-5, 10, 26, 50, 100 (100) 900. For each N, the seiche periods
1y, T, are determined by using (117), and the corresponding damping coefficients y;, 7,
using (114). The results are shown in table 1. [The roots , +ir,, k517, are determined for
a particular N, by using Newton’s method of successive approximation. First approxima-
tions to the roots for N, = 1 may be chosen as follows:

Ky +iry = (1-+1) (h/daky)t = 140-4 (1+i),
Ko+iTy = (14-1) (chy/ah)? = 1655 (1+1),

these being values of v corresponding to the roots of ®(1) = 0 (see (51) and (69) ; Ais related
tov by (106)). The values of k; +1i7y, k,+i7, found for N, = 1 may be used as first approxima-
tions in their determination for N, = 2-5, and so on for all the values of &, taken in ascending
order of magnitude.] Table 1 leads us to take N, = 26, for this gives a damping coefficient
of 0-018h~! in the internal seiche mode, as evidenced by (125). In this case, from (101) and

(103), a = 074544 X 1076, ¢ = 0-76177 x 103,

TaBLE 1. VALugs oF T3, T, 7;, 72, CORRESPONDING TO VARIOUS VALUES OF NV,

N, T, T, "1 V2
(cm?fs) (h) (h) (b (b1
1 0-1954 14-13 0-0337 0-002953
25 0-1956 14-18 0:0530 0-004801
10 0-1959 14-32 0-1064 0-01036
26 0-1963 14-48 0-1723 0-01822
50 0-1967 14-60 0-2400 0-02800
100 0-1973 14-71 0-3414 0-04957
200 0-1981 15-00 0-4870 0-09530
300 0-1988 15-50 0-6006 0-1418
400 0-1994 16-29 0-6975 0-1886
500 0-2000 17-50 0-7838 0-2355
600 0-2003 19-42 0-8625 0-2824
700 0-2007 22-80 0-9356 0-3294
800 0-2011 30-36 1-004 0-3764
900 0-2015 86-91 1-069 0-4234
from (99), k; = 27-536, T, = 27-388,

Ky = 32646, 7, = 3-1304,
and from (110) and (111),

Ly(ky, 7)) = —0:000097, M,(k;,7,) = —0-0000006,
Ly(ky,7,) = 050616,  M,(k,,7,) = 0-01295.
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The functions G,(k,,7,), Gy(ky, 7,) given by (113) are thus determined. Solving (99) for
the real root v, we get

v, = 45387,
so that N,v}[h3 = 0-4372h~!
and, from (108), H,(v;) = —0-0104.

With these numerical values it follows from (115) and (116) that
¢, — 2289 (174,) [1—{1-0123 cos (0-4338¢) -+ 0-0259 sin (0-4338¢)} exp (— 0-01822¢)
+{0-00019 cos (32-01¢) 4+ 0-000001 sin (32:01¢)} exp (—0-1723¢)
+0-0104 exp (—0-4372¢) +...] cos (0-476x), (126)

where x is in kilometres, ¢ in hours, and {, in metres. The uninodal part of {, given by
(125), and {, given by (126) with 4, = 44 /n, both approximate to

2-2894[1—cos(0-44t) exp (—0-018¢)] cos (0-476x),

i.e. taking Fy= (44,/m) H({)sin (mx/l), the two theories considered, when applied to
Windermere, have yielded approximately the same expression for {,. This gives support to
the choice: N, = 26.

14. CoONCLUSIONS

A theory is given for the motion in a long narrow lake subject to wind stress during the
period of summer stratification. (Conditions in the lake then approximate to a two-layered
system: a warm surface layer, the epilimnion, lies over a colder bottom layer, the hypolim-
nion; between them is a large vertical temperature gradient, the thermocline.)

By means of the theory, the fluctuations in level of the thermocline at any position, and
the currents in the lake, may be deduced from the variations in wind stress over the water
surface estimated from wind-speed observations. It appears that there are scarcely any
reliable current measurements against which theoretically derived values may be tested—
which emphasizes the need for a current meter sensitive enough to measure velocities of
not more than a few centimetres per second. However, fluctuations in thermocline level
obtained using the theory may be compared with those deduced from temperature measure-
ments. This has been done for Windermere northern basin, covering a period of five days,
and there is satisfactory agreement between theory and observation.

The mathematical analysis indicates that a change in the wind-stress component parallel
to the length of the lake sets up longitudinal internal seiches centred on the thermocline
and longitudinal surface seiches; the extent to which the seiches of different nodality are
excited depends on the distribution of the wind-stress change along the lake. According to
the analysis, wind-driven circulations are confined to the surface layer: there is no friction
at the internal boundary by which this motion may be transmitted into the bottom layer.
For the same reason, the horizontal shearing effect of bottom friction does not reach up
across the boundary into the top layer.

The seiches are damped out by friction—in the mathematical model this is applied
externally at the bottom of the lake. Taking the bottom friction as proportional to the hori-
zontal flow in the bottom layer leads to a relatively simple solution of the hydrodynamical
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equations; employing instead, the condition of zero bottom current, leads to a more
general solution, but lengthy computations are required for its numerical evaluation.

The theory indicates that, under certain conditions, internal seiches do not develop in
response to wind disturbances. This is due to the damping effect of friction in the bottom
layer and is likely to occur in the autumn, just before the overturn, when the density dif-
ference between the layers decreases and the depth of the surface layer increases.

In the study of the dynamics of a thermally stratified lake under wind stress, more detailed
observation is required to make a thorough check on theory. In planning a further series
of observations, consideration might be given to the possibility of measuring continuously,
over an extended period of time: (i) temperatures and currents, throughout the depth of
water, at more than one station; (ii) wind speed and direction at various locations over the
surface of the lake. The magnitude of such an undertaking should not be underestimated.
The cost of instruments, and the labour involved in their deployment and use, would be
considerable. The practical difficulties in attempting to measure small currents would
have to be overcome. The large amount of observational data obtained would require
careful analysis.

A revision or extension of the present theory might become necessary in the light of
more detailed observational results. In particular, the frictional condition at the thermo-
cline boundary might require some modification. For larger lakes, the theory would have
to be extended to take into account the effect of the earth’s rotation (Mortimer 1963).

Grateful acknowledgementis made to Professor J. Proudman, F.R.S., Dr C. H. Mortimer,
F.R.S., and Dr A. T. Doodson, F.R.S. for their comments on the manuscript of this paper.

REFERENCES

Carlsaw, H. S. & Jaeger, J. C. 1947 Operational methods in applied mathematics. Oxford University
Press.

Churchill, R. V. 1958 Operational mathematics. New York: McGraw-Hill.

Defant, A. 1961 Physical oceanography (I). Oxford: Pergamon Press.

Francis, J. R. D. 1959 Proc. Instn Cw. Engrs, Lond. 12, 197-216.

Jeffreys, H. 1923 Phil. Mag. 46, 114-125.

Mortimer, C. H. 1952 Phil. Trans. B, 236, 355-404.

Mortimer, C. H. 1953 Schweiz. Z. Hydrol. 15, 94-151.

Mortimer, C. H. 1955 Un. géod. géophys., Rome (1954), Ass. Int. Hydrol., C.r. rapp. 3, 15-24.

Mortimer, C. H. 1961 Verh. Internat. Verein. Limnol. 14, 79-83.

Mortimer, C. H. 1963 Proc. 6th Conf. Great Lakes Research. Great Lakes Research Div., Univ.
Michigan, Publ. no. 10, 9-42.

Proudman, J. 1953 Dynamical oceanography. London: Methuen.

Proudman, J. 1954 Arch. Meteorol. Geophys. Bioklim. A, 7, 344-351.

Proudman, J. & Doodson, A. T. 1924 Proc. Lond. Math. Soc. (2), 24, 140-149.


http://rsta.royalsocietypublishing.org/

